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What is a mixed model?

AG E N DA ’W Key concepts and notations

'- Workshop and applied example



THE OLS WORKHORSE
The OLS Equation

@—Line Of Best Fit Y - BO + /3X + £

Y = dependent variable

X = intercept
B; = slope
e £ = errorterm

One assumption:
Errors are INDEPENDENT & IDENTICALLY DISTRIBUTED

Our standard errors, p-values, confidence intervals can be
biased if violated




DOES THIS ASSUMPTION HOLD IN REAL LIFE?

Sometimes but definitely not always:]



WHAT IS A MIXED/MULTILEVEL/HIERARCHICAL MODEL?

A mixed (multilevel/hierarchical) model estimates associations
using data structured at multiple levels of observations

Referred to as clustered, hierarchical, multi-level, or nested
data



THE MULTI-LEVEL DATA STRUCTURE
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WHAT DOES A MIXED MODEL ESTIMATE?

A mixed (multilevel/hierarchical) model estimates fixed and random effect
Fixed effect->estimate for the population averages;

Random effect->estimates group-specific deviations and their variability

Why mixed models really help:
Estimates variation across and within groups
Accounts for correlations within higher-level units

Can produce more accurate standard errors (compared to OLS)



WHY IS THIS ALL WORTH IT?




POWER OF USING GROUP-LEVEL INFORMATION

How we pool the group-level information matters...

1) No pooling: Use an OLS for each group->noisy, unstable means
2) Pool everything: Use an OLS for all->biased if group means differ

3) Partial pooling (mixed models): Group and total sample means
inform the estimates through a balanced approach

Mixed models balance group and total sample info through “shrinkag
Small or noisy groups “shrunk” toward total sample estimates
Large or stable groups remain close to their own estimates

Degree of group similarity/difference also matters (ICC)



INTRODUCING ICC

Intraclass correlation coefficient (Ranges from 0 to 1)
Proportion of total variance explained by group differences
Between-group var / (Between-group var+Within-group var)
Correlation among individuals within a group
Higher ICC->Mixed models more impactful

But even a low ICC can be impactful (with large clusters)

How ICC affects levels of “shrinkage”
High ICC-> shrinkage to the mean is smaller

Low ICC-> shrinkage toward the mean is larger



MIXED MODEL CONSIDERATIONS AND ASSUMPTIONS

Define your levels (e.g., people within groups, time within people)
Choose random effects carefully (model problems can increase)

Groups need enough data and variance (fewer groups are harder)

Key assumptions

* Similar to OLS

* Random effects independent of residual errors

 Exchangeability: Any pair within a group has the same covariance/correlation
* Within groups:

* Random-intercept-only models imply exchangeable within-group
correlation (same correlation for any pair within a group).

* With random slopes (or longitudinal data), correlation can depend on
predictors/time (not necessarily exchangeable).

* Between groups: Random group effects drawn from same distribution



WE HAVE TO LOOK AT NOTATION NOW...

Level 1

Yijk = Bojk + Bujrtijr + Riji
Level 2

Bojr = Yook + YoreT X i + Upji

B1jk = Yior + ML Xji + Uy
Level 3

Yook = oo + Vok

Yok = d100 + Vik

York = dp10 + Vau

Yk = 0110 + Vap



BUT IT WILL BE FINE!




SIMPLE OLS MODEL

OLS: yi = o + B1Xi + &; /

|

Bo: intercept (same for all) MULTILEVEL MODEL |

___.a

B1: slope (same for all) o0
Assumes errors are independent | ((ms?)
and identically distributed




2-LEVEL WITH RANDOM INTERCEPT (NULL EMPTY MODEL)

Level 1 (individual i in group j):

Vii = Boj + &

|

MULTILEVEL MODEL |

Level 2 (group j): vl
Boi = Yoo + Uo; Rsass)]

Boj: intercept (different by groups)

Yoo: grand mean (mean for all)

Ugj: group-specific deviation



2-LEVEL WITH RANDOM INTERCEPT (NULL EMPTY MODEL)

Level 1 (individual i in group j):
Vij = Boj + &i; Var(uoj)

ICC =
Var(ug;) *+ Var(&;)

Level 2 (group j):

Boi = Yoo *+ Ug;

Boj: intercept (different by
groups)
Yoo: grand mean (mean for all)
Ugj: group-specific deviation



2-LEVEL MODEL WITH RANDOM INTERCEPT AND FIXED SLOPE

Level 1 (individual i in group j):
Vij = Boj + P1Xij + €

Level 2 (group j):
Boi = Yoo + Uo; )

o) | 00

|

MULTILEVEL MODEL |

Boj: intercept (different by groups)
Yoo: grand mean (mean for all)
Ugj: group-specific deviation

B1: fixed slope (same for all)



2-LEVEL MODEL WITH RANDOM INTERCEPT AND RANDOM SLOPE

Level 1 (individual i): vij = Boj + PBajXij + Eij

Level 2 (group j):
Boi = Yoo * Ugj
B1j = Y10 t uy;

|

MULTILEVEL MODEL |

___.a

Bo;: intercept (different by groups) o 00
Yoo: grand mean (mean for all)  wmn?
Uoj: group-specific deviation

B1: slope (different by groups)
Y1o: overall slope (slope for all)
uij: group-specific deviation



2-LEVEL MODEL WITH RANDOM INTERCEPT AND RANDOM SLOPE

Level 1 (individual i): yij = Boj + ByjXij + €i;

Level 2 (group j):

o = + u .
BOJ Yoo 0] } COV(Uoj, U1j) [typically]
B1j = Y10 + ugj

|

MULTILEVEL MODEL |

___.a

Boj: intercept (different by groups) (o) (oh
Yoo: grand mean (mean for all)
Upj: group-specific deviation

B1: slope (different by groups)
Y1o: overall slope (slope for all)
u;j: group-specific deviation




CENTERING VARIABLES AND INTERPRETATION

If X (ie, primary exposure) is not centered, intercepts can be meaningless

Vii = Boj + BrjXij + &;;

Grand mean centering
Xij—X

Intercept = expected outcome at the sample mean of X

Group mean centering

Intercept = expected outcome at the group mean of X



SELECTING A MODEL USING TESTS

Do we need a more complicated model?

We can test that!

Likelihood ratio test (Testing simple model against complex model)
* Significant LRT (p < .05) indicates that you should keep the complex model

AlIC and BIC
* Lower values indicate a “better fitting” model
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